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Abstract
In this paper, we investigate the distinguishing number of hierarchical product of an arbitrary graph by a special graph.
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1. Introduction

Albertson and Collins [1] introduced the distinguishing number of a graph. Let G be an undirected
simple graph and let r be a positive integer. A coloring h : V(G) — {1,...,1} of the vertices of G is said
to be r-distinguishing provided no non-trivial automorphism of G preserves all of the vertex color. The
distinguishing number of G, denoted by D(G), is the smallest integer r such that G has an r-distinguishing
coloring. Unless otherwise noted, we apply the notation and phraseology of the book [7] of Bondy and
Murty.

In 2009, Barriere, Comellas, Dalf6, and Fiol [5] introduced the hierarchical product of graphs. Several
outcomes on the hierarchical product of graphs are obtained, some of which can be seen in [3, 4, 6, 8, 9].
Let G and H be two graphs and H have a root vertex, labeled 0. The hierarchical product G H is the graph
with vertex set V(G) x V(H) and any two vertices (x1,y1) and (x2,y2) of V(G M H) are adjacent if either
x1 = xp and y1yz € E(H) or y; =y =0 and x1x; € E(G).

In this paper, the distinguishing number is determined for the hierarchical product of an arbitrary
graph by a special graph such as a path graph or a cycle.

2. Main results

The author in [2, Lemma 2.1] has stated automorphisms of the hierarchical product of two graphs.
Suppose B(H) represents the set of all automorphisms of the graph H that pin the root vertex of H.

Lemma 2.1. [2, Lemma 2.1] Let G and H be two connected graphs such that G # Ky. Then
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IAut(GMH)| = |[Aut(G)|IB(H)|V(E)I,

Theorem 2.2. Let G # Ky be a connected graph with D(G) < 2. Assume that the root vertex of the path Py, is the
middle vertex of P, where n is the odd integer. Then D(G Py ) = 2.

Proof. If D(G) = 1, then it is easy to see that D(G M Py,) = 2, by using Lemma 2.1. We assume that
D(G) # 1. If we color G P, with less than 2 colors in a distinguishing coloring, then there exists a
non-identity automorphism of Py, such as f, such that it preserves the coloring of P,, and f fixes the root
vertex of P;,. We can expand f to G M Py, such that f acts as the identity function on G and obtain a non-
identity automorphism of G I P,, that preserves the coloring of G NPy, which is a contradiction. Hence,
2 < D(GMPy). It remains to show that 2 > D(G M Py,). First, we color the vertices of G in a distinguishing
way with at most 2 colors, because D(G) < 2. Next, we color the vertices in every copy of P, with 2 colors
in a distinguishing way. In view of Lemma 2.1, this coloring is a distinguishing coloring of G M Py,; hence,
2>D(GNPy).

O

Theorem 2.3. Let G # Ky be a connected graph such that D(G) > 3.
(1) Assume that the root vertex in Py, is the middle vertex of Py, where n is odd. Then D(G M Py ) < x, where
x satisfies the following inequation:

—1)2(x—2 2(x—1
(X )2(X ) § D(G) < X (’; )’

(2) Assume that the root vertex in Py is not the middle vertex of Py where n is odd. Then D(GMPyn) =
[/DI(G)].
(3) If nis even, then D(GMPyr) = [ Y/D(G)].

Proof. (1) We show that if % <D(G) < w, then G M P, can be colored with at most x colors
in a distinguishing way. In view of Theorem 2.2,2 < D(GMPy,). If x =2, thenx =2 < D(G) <4/2=2=x
and so x = 2 = D(G), which is a contradiction. Thus x > 3. Assume that the vertex set of G will be
partitioned to D(G)-classes, say, [1], 2], ..., [D(G)]. The vertices of the class [i] are denoted by v ,..., v,
forie{1,...,D(G)}. We color the vertices in the class [i] and s;-copies of P;, to get a distinguishing vertex
coloring of G M Py,.

First, we color the vertices of G and P,, as follows:

Step 1. We color all vertices in the class [i], where 1 < i < x, with the color 1 and the vertices in the s;
copies of P, with 2 colors in a distinguishing way.

Step 2. We color all vertices in the class [i], where x +1 < i < 2x, with the color i — x and the vertices
in the s; copies of P, with 2 colors in a distinguishing way.

Step 3. We color all vertices in the class [i], where 2x +1 < i < 3x, with the color i —2x and the vertices
in the s; copies of P, with 2 colors in a distinguishing way.

Continuing these steps, we color all vertices in the class [i], where ((’2‘) —1x+1<ig (’Z‘)X with the
color i—((3) —1)x.

Next, suppose that PS ) represents the copy of P, related to the vertex of G that has the color i.
Since all vertices in the graph P,, unless the root vertex can be colored distinctly with at least 2 colors

in a distinguishing way, so every graph H can be colored by at least (3)x different cases with x colors.

)

Therefore, for all 1 < i < x, there exist at least (’Z‘)X graphs PS in G M P, such that those are colored

distinctly in a distinguishing way. Hence, the graphs P forall 1 < i < x, do not image to each other
with some non-trivial automorphism. This way makes a distinguishing coloring for G I P, with x colors.
Hence, D(GMPy) < x.

(2) and (3). By [2, Theorem 3.10]. O

Theorem 2.4. Let G # Ky be a connected graph such that D(G) > 3. Then for n > 6, D(G M Cy) < x, where x
satisfies the following inequation:
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12 (e — 2(x—
(x 1)2(X 2) <D(G) <X (z 1),

Proof. The proof is similar to the Theorem 2.3. O
Theorem 2.5. Let G # Ky be a connected graph with D(G) < 2 and P be the Petersen graph. Then D(G T P) = 2.

Proof. We color the vertices of G in a distinguishing way with at most 2 colors. Now, we color the
vertices in every copy of P with 2 colors in a distinguishing way. In view of Lemma 2.1, this coloring is
a distinguishing coloring of G M P; hence, 2 > D(G M P). Now, we show that 2 < D(G M P). If we color
G M P with less than 2 colors in a distinguishing coloring, then there exists a non-identity automorphism
of P such as f, such that it preserves the coloring of P and f fixes the root vertex of P. We can expand f to
G M P such that f acts as the identity function on G and obtain a non-identity automorphism of G M P that
preserves the coloring of G P, which is a contradiction. Hence, 2 < D(G M P). O
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